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Abstract Modern fuel injectors have been developed based on piezoelectric stack actuators. Performance and
durability of actuators in a hydrogen environment are important considerations in the development of hydrogen
injectors. 2D plane stress and 3D models for analysis of coupled diffusion and thermo-electromechanical
response of actuators are presented. Chemical potential, electric field and temperature gradients are taken as
driving forces for hydrogen transport. The explicit Euler finite difference method is used to solve the nonlinear
diffusion governing equation. The finite element method is used for time-dependent analysis of fully coupled
mechanical, electric and thermal fields. The diffusion process and thermo-electromechanical deformations are
coupled through the dependence of piezoelectric properties on hydrogen concentration. Experimental results
for the piezoelectric coefficient d33 of PZT ceramics exposed to different hydrogen concentrations are used. A
comparison of a fully coupled 2D model with 2D and 3D models with reduced coupling is made to examine
the significance of coupling and computational efficiency. Selected numerical results are presented for time
histories of hydrogen concentration, temperature and stroke of an idealized actuator unit cell to obtain a
preliminary understanding of the performance of actuators exposed to hydrogen.

1 Introduction

Piezoelectric sensors and actuators are the key building blocks of smart materials and structures technology
[1–3]. Recently, advanced fuel injectors that utilize multilayer piezoelectric actuators (Fig. 1) for injector
needle opening have been introduced as an innovative alternative to conventional solenoid technology [4,5].
Piezo actuator-based fuel injectors represent a promising improvement in direct fuel injection technology with
precise positioning and injection and rapid response time compared to conventional solenoid technology.

Clean energy sources are increasingly used for transportation due to environmental concerns and declining
supply of fossil fuels. Hydrogen is a clean fuel that is free from carbon dioxide and other sources of greenhouse
gas. Substantial R&D efforts have been taking place for over two decades to develop automobiles, heavy
vehicles and stationary power systems based on hydrogen technology including fuel cells. There is strong
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Fig. 1 Schematic of fuel injector with piezoelectric actuator

Fig. 2 Variation of piezoelectric properties with hydrogen concentration [6]

interest in the industry to extend the piezoelectric actuator technology for hydrogen fuel injectors. However,
little is known about the performance of piezoelectric actuators in a hydrogen environment.

The effect of hydrogen on piezoceramic materials has received attention in recent years. Experiments by
Wu et al. [6] suggest that piezoelectric properties of PZNT and PZT are strongly influenced by the diffused
hydrogen content. The experimental results of Wu et al. [6] showing the dependence of piezoelectric constant
d33 and remnant polarization Pr on hydrogen concentration are reproduced in Fig. 2. Peng et al. [7] observed
that micro cracks/fissures initiate and grow discontinuously along grain boundaries of PZT due to hydrogen
diffusion. Experiments by Wang et al. [8] showed that the strength and fracture toughness of PZT exposed
to H2 decrease linearly with the logarithm of hydrogen concentration. Recent studies by Shafiei et al. [9,10]
reported that hydrogen-treated PZT has lower electrical resistance and higher capacitance as compared to
as-received (hydrogen-free) PZT.

Study of the performance of piezoelectric stack actuators under conditions relevant to operation of auto-
motive fuel injectors has received some attention in the literature. Li et al. [11] experimentally studied the
quasi-static thermo-electromechanical performance of stack actuators and developed a simple mathematical
model. Senousy et al. [12] experimentally investigated the dynamic behaviour of PZT stack actuators to under-
stand the influence of driving frequency, electric field magnitude, rise time and duty cycle on stroke. Wang et al.
[13] conducted cyclic fatigue tests on stack actuators and reported that a significant reduction in piezoelectric
and dielectric behaviour during cycling. The above studies are concerned with actuators in a non-hydrogen
environment.

Studies on the behaviour of stack actuators in hydrogen environments are still in the very early stages of
development. For example, experimental studies of the hydrogen effect on the performance of stack actuators
are being performed in the U.S. Department of Energy—Propulsion Materials Research and Development
Program [14]. This paper presents details of a numerical model for analysis of hydrogen diffusion in and
thermo-piezoelectric response of piezoelectric materials. A modified Cahn–Hilliard equation [15,16] is used
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to describe the hydrogen diffusion process. The coupled thermo-piezoelectric governing equations are solved
for the 2D plane stress case by coupling the finite element method with the nonlinear diffusion equation through
the dependence of material properties on hydrogen concentration. The coupled 2D case is compared with a 2D
model with reduced coupling based on the ‘Equation Based Modelling’ capability of COMSOL Multiphysics�.
Selected numerical results for 2D and 3D cases are presented to understand the hydrogen diffusion process
and thermo-piezoelectric response of a single stack in an actuator.

2 Field equations

The governing equations for the electro-thermo-mechanical response of a piezoelectric material are given by
[17]

Di,i − �e = 0; qi,i − θs ṡ = �t ; σi j, j + bi = ρüi , (1)

where Di , qi and ui are the electric displacement, heat flux and mechanical displacement in the i th-direction,
respectively; σi j is the stress tensor; �e, �t and bi are the electric body charge, heat source density and
mechanical body force components, respectively; s is the entropy density; θs is the surrounding reference
temperature, and ρ is the mass density.

The mechanical strain (εi j ), electric field (Ei ) and temperature (θ) are related to stress (σi j ), electric
displacement (Di ) and entropy density (s) by the following constitutive relations:

σi j = Ci jklεkl − eki j Ek − λi jθ, (2a)

Di = ei jkεk j + gik Ek + piθ, (2b)

s = λklεkl + pk Ek + ανθ, (2c)

where Ci jkl , eikl , gkl , λkl and pm are the elastic constants, piezoelectric constants, dielectric coefficients,
thermal stress coefficients and pyroelectric constants, respectively; θ is the temperature increase from the
stress-free state; and αν = ρCν/θs where Cν is the specific heat at constant volume.

In addition, the following basic relations exist:

εi j = 1

2
(ui, j + u j,i ); Ei = −φ,i ; qi = −κi jθ, j , (3)

where κi j is the thermal conductivity tensor and φ is the electric potential.
The admissible mechanical, electric and thermal boundary conditions on the boundary � are given by

Mechanical : ui = ūi or σi j n j = t̄i (4a)

Electric : φ = V̄ or Di ni = −Q̄ (4b)

Thermal : θ = θ̄ or − κi jθ, j n j = q̄ + hv(θ f − θs) (4c)

where ūi and t̄i are the specified mechanical displacement and surface traction components in the i-direction,
respectively; ni denotes components of outward unit normal vector to �; V̄ and Q̄ are the specified electric
potential and surface charge; θ̄ and q̄ are the prescribed temperature and rate of heat flow per unit area; θ f is
the ambient fluid temperature; and hv is the convection heat transfer coefficient.

In view of Eqs. (1) and (3), Eq. (2c) can be written as

κi jθ,i j = θs(λkl ε̇kl + pk Ėk + ανθ̇) + �t . (5)

The hydrogen diffusion process in piezoelectrics can be described by the Cahn–Hilliard equation in which
the hydrogen flux (J ) is expressed in terms of the gradient of chemical potential (μ) [15,16],

Ji = −c(r, t)

Rθ
d0μ,i , (6)

where c(r, t) denotes the hydrogen concentration at position vector r and at time t;μ is the chemical potential
of hydrogen; d0 is the diffusivity of hydrogen in an isotropic material, and R is the universal gas constant.

The hydrogen mass balance is given by
c,t = −Ji,i . (7)
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The electro-transport and thermo-transport processes, which arise in the presence of electric current and
temperature gradients, respectively, can be taken into account in the present model. Details of the consideration
of the chemical potential of hydrogen and driving forces due to electro-transport and thermo-transport processes
are presented in Appendix A. The diffusion governing equation for hydrogen including chemical potential,
electric field and temperature gradients can be obtained by substituting Eq. (16) into Eq. (7). The final governing
equation can be expressed as

c,t = cd0

Rθ

[
μ,i i + eZ∗φ,i i + Q∗

θ
θ,i i

]
+ d0

R

[( c

θ

)
,i

(
μ + eZ∗φ

)
,i

]
+ d0 Q∗

R

[( c

θ2

)
,i

θ,i

]
. (8)

The relevant boundary conditions are

c = c̄ or Jn = n · ∇μ = 0, (9)

where c̄ is the specified concentration on the boundary �.

3 Numerical solution scheme

A finite element formulation based on the weighted residual method is applied to solve the fully coupled govern-
ing equations (1)–(3) for mechanical, thermal and electric fields [18]. The structure of the diffusion governing
equation (8) is nonlinear. The explicit Euler finite difference method (FDM) [19] is convenient for the solution
of the diffusion equation. The governing equations for hydrogen diffusion and thermo-electromechanical fields
are solved separately in each time step. The solutions for hydrogen concentration obtained from the diffusion
analysis are used to determine d33 based on the experimental data (Fig. 2) [6]. The calculated space-time
variation of piezoelectric properties is then supplied as input to the finite element model to determine the
thermo-electromechanical field. The updated thermo-electromechanical field is then fed into the FD model to
determine the hydrogen concentration at the next time step. This process is repeated over the desired time span
to obtain the time histories of hydrogen, thermal, electrical and mechanical fields.

3.1 Finite element formulation of thermo-electromechanical response

The mechanical displacement u, electric potential φ, and temperature θ are chosen as nodal degrees of freedom
for each element. Using the governing equations presented in the preceding section and applying the weighted
residual method [18], the following coupled finite element equations are obtained:⎡

⎣ 0 0 0
0 0 0

θ0 Kθu −θ0 Kθφ θ0 Hθθ

⎤
⎦
⎧⎨
⎩

u̇
φ̇

θ̇

⎫⎬
⎭+

⎡
⎣ Kuu Kuφ −Kuθ

Kφu −Kφφ Kφθ

0 0 Kθθ

⎤
⎦
⎧⎨
⎩

u
φ
θ

⎫⎬
⎭ =

⎧⎨
⎩

Fu
Fφ

Fθ

⎫⎬
⎭ , (10)

where

Hθθ =
∫


αv N T
θ Nθd, Kuu =

∫


BT
u C Bud, Kuθ = K T

θu =
∫


BT
u λNθd,

Kφθ = K T
θφ =

∫


BT
φ pNθd, Kuφ = K T

φu =
∫


BT
u eBφd,

Kθθ =
∫


BT
θ κT Bθd +

∫
�

hv N T
θ Nθd�, Fu =

∫


N T
u bd +

∫
�

N T
u t̄d�,

Fφ = −
∫


N T
φ �ed −

∫
�

N T
φ Q̄d�, Fθ =

∫


�e N T
θ d +

∫
�

q̄ N T
θ d� +

∫
�

hv N T
θ (θ f − θs)d�. (11)

In addition, Nu, Nφ and Nθ are the interpolation matrices containing shape functions for displacement u, electric
potential φ and temperature θ , respectively; Bu, Bφ and Bθ are interpolation matrices for strain, electric field
and heat flux, respectively, based on Eq. (3); and the superscript T denotes the transpose of a matrix.
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3.2 Finite difference formulation of hydrogen diffusion

Let cn
i, j denotes the hydrogen concentration at point (xi , y j ) at time tn . The finite difference version of the

diffusion Eq. (8) can be written as

cn+1
i, j − cn

i, j

�t
= d0cn

i, j

Rθn
i, j

[
μn

i+1, j −2μn
i, j +μn

i−1, j

(�x)2 + μn
i, j+1−2μn

i, j + μn
i, j−1

(�y)2 +eZ∗
{

φn
i+1, j −2φn

i, j + φn
i−1, j

(�x)2

+ eZ∗ φn
i, j+1 − 2φn

i, j + φn
i, j−1

(�y)2

}
+ Q∗

θn
i, j

{
θn

i+1, j − 2θn
i, j + θn

i−1, j

(�x)2 + θn
i, j+1 − 2θn

i, j + θn
i, j−1

(�y)2

}]

+ d0

4R(�x)2

(
cn

i+1, j

θn
i+1, j

− cn
i−1, j

θn
i−1, j

)[(
μn

i+1, j − μn
i−1, j

)
+ eZ∗ (φn

i+1, j − φn
i−1, j

)]

+ d0

4R(�y)2

(
cn

i, j+1

θn
i, j+1

− cn
i, j−1

θn
i, j−1

)[(
μn

i, j+1 − μn
i, j−1

)
+ eZ∗ (φn

i, j+1 − φn
i, j−1

)]

+ d0 Q∗

4R

⎡
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(�x)2

⎛
⎜⎝ cn

i+1, j(
θn

i+1, j
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i−1, j(

θn
i−1, j

)2

⎞
⎟⎠
(
θn

i+1, j − θn
i−1, j

)

+ 1

(�y)2

⎛
⎜⎝ cn

i, j+1(
θn

i, j+1
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i, j−1(
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i, j−1

)2

⎞
⎟⎠
(
θn

i, j+1 − θn
i, j−1

)
⎤
⎥⎦ , (12)

where�x and�y denote the distance intervals between grid points;�t denotes the time interval,�t = tn+1−tn

and μn
i, j = Rθn

i, j ln
cn

i, j
1−cn

i, j
.

In Eq. (12), the temperature
(
θn

i, j

)
and electric potential

(
φn

i, j

)
at grid point (xi , y j ) at time step tn are

obtained from the FE analysis and supplied to the FD analysis as known values. With the boundary conditions
given by Eq. (9), the system of Eqs. (12) can be solved for the unknown cn+1

i, j at time tn+1.

3.3 Model validation and 3D analysis using COMSOL Multiphysics�

The solution of the nonlinear diffusion Eq. (12) using FD and the thermo-electromechanical FE equations (10)
(also nonlinear due to the dependence of d33 on concentration) is computationally expensive for 3D problems.
It is therefore attempted to estimate the accuracy of a 2D plane stress model for practical applications. First,
the FD–FEM model described in Sects. 3.1 and 3.2 was implemented for the 2D plane stress case. A 2D plane
stress model with reduced coupling was also developed by using the ‘Equation Based Modelling’ capability
in COMSOL Multiphysics� to compare with the results obtained from the 2D coupled plane stress model
described in Sects. 3.1 and 3.2. The COMSOL Multiphysics� model provides a simultaneous solution of a
thermo-electromechanical continuum subjected to Fickian diffusion. It should be noted that in the Fickian
diffusion, movement of hydrogen species is assumed to be driven only by the concentration gradients and the
effects of thermo-transport, electro-transport or any other forces (Sect. 2) are neglected. For 3D analysis, a
separate model was developed by using the ‘Equation Based Modelling’ capability of COMSOL Multiphysics�
[20].

4 Numerical results and discussion

A computer code based on the FD–FE formulation presented in the preceding section was developed. A 2D
plane stress four-node isoparametric finite element with four degrees of freedom per node (two displacements,
temperature and electric potential) was implemented for thermo-electromechanical analysis. The generalized
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Fig. 3 Geometry, polarization direction, boundary conditions and location of analysis points in a 2D plane stress model; and b
3D model of a single layer of PZT-based stack actuator

stiffness matrices and load vectors are evaluated by using Gaussian quadrature [21]. The Newmark time
integration method [18] is used to solve Eq. (10). Numerical solutions of FD model presented in this paper
correspond to �x = 1.25 × 10−3 m, �y = 2.5 × 10−4 m with time interval �t = 5 s. The same time interval
is used in the finite element analysis.

In this section, the hydrogen diffusion and thermo-piezoelectric response of an idealized single unit cell
of a stack actuator composed of adjacent discs as shown in Fig. 3a is simulated. The polarization direction of
the adjacent PZT discs is opposite as indicated by an arrow with P . Due to symmetry, only half of each stack
is modelled as represented by the shaded area. The thickness of a single layer is h = 1.0 mm, and the width
(w) is=10 mm. Each stack is subjected to 250 V. The top and bottom surfaces are grounded (i.e. φ = 0) due
to voltage anti-symmetry and are assumed adiabatic (i.e. q = 0) with zero hydrogen flux ( jy = 0). Uniform
hydrogen concentration (c0) and temperature (θ0) are assumed along the left and right surfaces. Mechanical
displacement boundary conditions are also shown in Fig. 3a. The piezoelectric material is assumed to have an
initial temperature same as the reference temperature θs = 20 ◦C and an initial zero hydrogen concentration.

The stacks are made from a PZT ceramic material which exhibits hexagonal symmetry resulting in
transversely isotropic material properties. In order to simulate the plane stress behaviour, it is necessary
to convert the 3D constitutive matrix to the appropriate form of the 2D plane stress material coefficient
matrices [22]. The plane stress properties of the PZT material after applying the relevant conversions are
as follows: piezoelectric coefficients, e31 = −2.29, e33 = 17.88, e15 = 12.7 C/m2; elastic constants,
c11 = 9.54 × 1010, c13 = 3.27 × 1010, c33 = 7.53 × 1010, c44 = 2.56 × 1010 N/m2; pyroelectric constant,
pn = 2.5×10−5 C/m2/K; thermal expansion and thermal conductivity, α = 1.2×10−6/◦C, κ = 0.17 W/m/◦C;
specific heat at constant volume, Cv = 420 J/kg ◦C; density, ρ = 7,600 kg/m3; relative permittivity at constant
strain, εxx = 728.5, εyy = 656.7; and diffusion coefficient, d0 = 1.1 × 10−9 m2/s.
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Fig. 5 Hydrogen concentration profile in unit cell from 2D model. a Time histories at points A, B, C and D; and b profiles along
the center of the unit cell (y = h/2) at different times

Although hydrogen can affect all piezoelectric material properties, attention is given only to d33 in the
absence of comprehensive experimental data for hydrogen dependence of other piezoelectric and dielectric
constants. This is reasonable as the stroke of an actuator is primarily controlled by d33, and there is no
significant mechanical loading on the actuator. The experimental results of Wu et al. [6] are utilized in the
present modelling and approximated by a smooth curve as shown in Fig. 4 where dn

33 is the piezoelectric
constant of piezoceramic unexposed to hydrogen. Note that the piezoelectric constitutive relation has to be
converted from the e- to d-form [17] to utilize the experimental results in Fig. 4.

A selected set of numerical solutions is presented in Figs. 5, 6, 7 and 8 to examine the response of a unit
cell. Due to the applied voltage, the cell has a constant electric field Ey of 500 kV/m on the upper layer and
a constant electric field of −500 kV/m on the lower layer. The electric field Ex is practically zero in a piezo
actuator. Solutions for hydrogen distribution in the unit cell at various times are presented in Fig. 5 for the
case of θ0 = 120 ◦C and c0 = 2.0 ppm. Figure 5a shows the time histories of hydrogen content at points A,
B, C and D (see Fig. 3a). The profiles of hydrogen content along the centre of the unit cell (i.e. along the x
direction at y = h/2) at different times are shown in Fig. 5b. It can be seen from Fig. 5a, b that steady state
is reached by t = 10 h. As expected, the hydrogen concentration at points closer to the exposed surface (such
as D) increases rapidly with time and the mid-region of unit cell receives a noticeable amount of hydrogen
only after some time. These results imply that an actuator might not reach steady-state diffusion state under
normal operation condition of an injector except in cases where the exposure takes over a period more than
5 h. Experiments confirm that hydrogen absorbed into PZT diffuses away into atmosphere once a sample is
removed from hydrogen environment. Therefore in practical situations, a piezo actuator in a hydrogen fuel
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Fig. 6 Temperature profiles at different points in unit cell from 2D model

injector could be subjected to many cycles of hydrogen exposure each lasting a few hours but diffusion steady
state may be not be reached during such cycling.

Figure 6 presents the time histories of temperature at points A, B, C and D for the case of θ0 = 120 ◦C
with an initial temperature of 20 ◦C and c0 = 2.0 ppm. It is noted that under normal operating conditions, a
fuel injector gets heated to around 100 ◦C. The solutions in Fig. 6 indicate that an actuator rapidly gets heated
and steady state is reached in about 15 min which is much faster than the time to reach steady-state diffusion.
Thus, the effect of temperature gradient on hydrogen diffusion process as shown in Eq. (8) is effective only at
the early stage of hydrogen diffusion. As time progresses, the diffusion is controlled primarily by the gradient
of hydrogen concentration. The temperature time histories for other values of θ0 show behaviour similar to
that in Fig. 6.

Of importance to the study of fuel injectors is the stroke of an actuator. Vertical displacement uy at different
points along the upper layer of the unit cell is shown in Figs. 7 and 8 for c0 = 1.0 and 2.0 ppm, respectively. The
solutions are presented for θ0 = 40, 80 and 120 ◦C. The resultant stroke of a stack actuator can be calculated by
multiplying the total number of unit cells by the average total displacement of a single cell. The displacements
of a cell unexposed to hydrogen are also presented in Figs. 7 and 8 for comparison.

It is evident from Figs. 7 and 8 that the presence of hydrogen has a significant influence on the deformation
of unit cell. The displacement histories of a unit cell unexposed to hydrogen show time dependence only during
the initial 15–20 min and this essentially represents the thermal expansion of the unit cell as it gets heated.
The stroke increases due to temperature is approximately 16.5, 49.4 and 82.4 % of the stroke due to voltage at
θ0 = 40, 80 and 120 ◦C, respectively, in Figs. 7 and 8. The base temperature is taken as 20 ◦C. In the case of a
unit cell exposed to c0 = 1.0 ppm of hydrogen, the stroke increases gradually with time reaching steady state
after about 8 h. The steady-state stroke increases due to hydrogen diffusion is about 26.1 % of the stroke due
to voltage. Unlike in the case of an unexposed cell, the cross-sectional displacement profile of a cell exposed
to hydrogen is not uniform for nearly 4 h. This is due to slow diffusion of hydrogen and the dependence of d33
on hydrogen concentration as shown in Figs. 2 and 4. In the case of Fig. 7, the presence of hydrogen causes
an increase in stroke since the concentration throughout the cell remains below 1.0 ppm and according to the
Figs. 2 and 4, d33 increase with hydrogen concentration when 0.0 < c < 1.0.

However, in the case of a unit cell exposed to a relatively high concentration of hydrogen (c0 = 2.0 ppm), the
stroke shows more complex time histories. As hydrogen diffuses into the material, the displacement initially
increases with time, but this increase is more non-uniform across a cross section compared to the case of
c0 = 1.0 ppm and the peak displacement at various points occurs at substantially different time instances as a
result of the diffusion process. For example, around t = 2.5 h, the displacement of the central region is over 30 %
of the displacement near the exposed surface of unit cell. Such displacement non-uniformity might enhance
electrode delamination in an injector actuator under repeated cycles of hydrogen exposure. The complex time
histories observed in Fig. 8 are a direct result of the nature of d33 variation with hydrogen concentration as shown
in Figs. 2 and 4. Unlike the case shown in Fig. 7, the hydrogen concentration at points in the unit cell increases
beyond 1.0 ppm and in this region d33 decreases with increasing concentration (Figs. 2, 4). The actuator stroke
therefore shows a significant decrease with time as the hydrogen concentration at internal points increase beyond
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Fig. 7 Vertical displacement profiles at different points in unit cell (c0 = 1.0 ppm) from 2D plane stress model

1.0 ppm. The final steady stroke can be substantially smaller than that of an unexposed actuator. This can have
a significant effect on the performance of an injector as well as an engine. It is therefore important to have a
thorough understanding of the dependence of properties of piezoelectric materials on hydrogen concentration
to develop actuators for injectors that can perform well under different operating conditions. The current
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Fig. 8 Vertical displacement profiles at different points in unit cell from 2D plane stress model (c0 = 2.0 ppm)

numerical results also suggest that development of coatings and other hydrogen containment technologies to
ensure minimum diffusion of hydrogen (very low concentration) into an injector is an important direction for
future research.
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Fig. 9 Comparison of results from different models for the time histories of hydrogen concentration (a, b) and temperature (c,
d) at points A and D

5 Comparison with Comsol� results

As the conditions of an actuator in a practical situation are three dimensional, the applicability of the 2D plane
stress model to study 3D response is investigated. In order to perform a 3D analysis, a single layer of the
stack actuator with electrodes on the top and bottom surfaces is modelled as shown in Fig. 3b. This model is
assumed to have a depth of W = 10 mm in z direction, which is same as the width of the 2D plane stress model
described earlier in Sect. 4. The layer thickness h = 1 mm is also the same in both the models. The initial
and boundary conditions are kept consistent with those mentioned in the 2D plane stress model. It should
be noted that in the 3D model, boundary concentration c0 and temperature θ0 are present on the four lateral
surfaces. This would generate diffusion and heat fluxes in two directions (x, z). The material of the 3D layer
is same as that of the 2D plane stress model, exhibiting hexagonal symmetry and having properties [22] that
are transversely isotropic about y axis.

The governing equations for the thermo-electromechanical material behaviour (Eq. 1) and the time-
dependent diffusion (Eq. 7) are simultaneously solved for the fundamental state variables (ux , uy, uz, ϕ, θ

and c) using the ‘Equation Based Modelling’ feature of COMSOL Multiphysics�. As mentioned earlier, the
diffusion of hydrogen into PZT is assumed to be driven only by the hydrogen concentration gradient. A 3D,
4-node tetrahedral element with six degrees of freedom per node is used in the modelling. Upon conducting a
mesh-dependence analysis, a ‘normal’ mesh with 1,476 elements is chosen to run all test cases. The in-built
’Time- Dependent Solver’ is used to generate the solution at time intervals of �t = 5 s. In the 3D geometry,
the analysis points A, B, C and D are located in the mid-plane (z = 5 mm) and at equivalent positions (x, y)
with respect to the 2D model shown in Fig. 3a.

To compare with the 2D plane stress model described in Sect. 4, another 2D plane stress model but with
reduced coupling is developed using the ‘Equation Based Modelling’ feature of COMSOL Multiphysics�. A
2D, 3-node triangular element with five degrees of freedom per node is used to mesh the geometry with 608
elements. The time interval �t = 5 s is same as that in the other FD-FE model.

Figure 9 shows a comparison of results from various models developed during this study for hydrogen
concentration and temperature evolution. Clearly, the results from the 2D plane stress model described in
Sect. 4 match very closely with those obtained from a similar 2D model developed in COMSOL. This implies
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Fig. 10 Comparison of results from different models for the time histories of vertical displacement uy at points A and D

that thermo-transport and electro-transport effects in diffusion are negligible and Fickian diffusion is the main
driving force. The results confirm that the technique of sequentially solving the thermo-electromechanical
equations (FE) and diffusion equation (FD) is as effective in the present problem as solving a simultaneous
’thermo-electromechanical + diffusion’ system. As mentioned earlier, a 3D model is a more complete rep-
resentation of the operating environment in which an actuator layer is exposed to ambient temperature and
hydrogen concentration on four lateral surfaces (Fig. 3b). These conditions result in the thermal and diffusion
fluxes being produced in two directions (x, z). Therefore, all points within the 3D geometry experience greater
thermal and diffusion contributions and reach a steady state more quickly than in a 2D case. This is reflected
in the results from the 3D COMSOL model in Fig. 9.

The vertical displacements uy from various models are shown in Fig. 10. The variations of displacement
profiles between different models resemble those for the concentration time histories in Fig. 9. Both 2D and
3D models predict same peak vertical displacements. However, due to the differences in concentration time
histories between 2D and 3D models, the peak displacement and the final steady state displacement condition
are achieved at different time instances. It is clear from the results shown in Figs. 9 and 10 that the 2D plane
stress model accurately captures the key features of diffusion as well as displacement response of an actuator.
From a computational point of view, the 2D model is far more efficient that the 3D case.

6 Application to a practical case

In the previous sections, the piezoelectric strain coefficient d33 has been treated as a function of hydrogen
concentration c. In addition to this, experiments have reported the d33 value to be also dependent on longitudinal
electric field E3 and temperature rise θ [11,12,20]. Performance of piezoelectric stack actuators developed
by PI Ceramic GmbH of Germany was experimentally investigated by Singh [20]. These actuators have
dimensions of 5.00 × 5.00 × 0.05 mm resulting in a layer thickness to width ratio (h/W) of 1 % and are
currently used by industry for fuel injector applications. According to the experimental results of Singh [20],
d33 is constant for up to 20 V beyond which its starts increasing with the applied voltage giving rise to nonlinear
behaviour. This behaviour of d33 can be easily seen from Fig. 11 where the experimentally observed stroke–
voltage relationship of a PI stack actuator is presented. The 2D plane stress model, described in Sect. 4, is used
to predict this behaviour by making use of variable d33 values for different applied voltages as reported by
Singh [20]. Comparison of results from the numerical model and the experiments is presented in Fig. 11 for a
quasi-static voltage applied at 20 ◦C. The stroke results from the 2D model are in complete agreement with the
experiments that demonstrate the model’s accuracy. It should be noted that solutions in Fig. 11 correspond to
an actuator unexposed to hydrogen. For the actuators tested by Singh [20], very minor variation in stroke with
ambient temperature was observed within 5–80 ◦C, the temperature range typical of a fuel injector. Therefore,
the value of d33 was assumed to be constant with temperature.

The 2D plane stress model, which was developed during the present work, is customized to run a test case for
the PI Ceramic� actuator to simulate a static operation at 100 V applied voltage, 20 ◦C ambient temperature
and 2 ppm surface hydrogen concentration. The d33 is assumed to be a function of both concentration (as
per Wu et al. [6]) and applied voltage (as per Singh [20]), and the value at zero hydrogen concentration was
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Fig. 11 Comparison of experimental [20] and 2D plane stress model stroke-voltage relationship at 20 ◦C for an unexposed PI
Ceramic� actuator

Fig. 12 Time histories for (a) hydrogen concentration; and (b) vertical displacement of a PI Ceramic� actuator subjected to a
static voltage of 100 V from 2D plane stress model

obtained from the experiments. Four points A, B, C and D are chosen on the top surface of the actuator layer
as shown in Fig. 3a, with the exception that dimensions W = 5.00 and h = 0.05 mm in this case. Time
histories of concentration c and vertical displacement uy are shown in Fig. 12. When compared with the time
histories presented in Sect. 4 (Figs. 5a, 8), it is clear that the trend is very similar. Due to the shorter lateral
dimensions of actuator, steady state is attained more quickly in the case of PI Ceramic� actuators. Based
on this observation, optimum cross-sectional dimensions could theoretically reduce the time period for which
an actuator experiences non-uniform displacement across its cross section, thereby reducing the potential for
electrode delamination during operation.

7 Conclusions

A 2D plane stress numerical model based on the finite element and finite difference methods is successfully
developed to study the fully coupled linear thermo-electro-mechanical fields and nonlinear diffusion in piezo-
electric materials exposed to hydrogen. Experimental data on the dependence of piezoelectric coefficient d33
of PZT on hydrogen concentration are implemented in the analysis. Selected numerical solutions are presented
for temperature profiles, hydrogen concentration distribution and axial deformation of an actuator unit cell.
It is found that a typical piezo actuator in an injector gets heated rapidly when subjected to an external tem-
perature increase and the steady state is reached within 15–20 min. The diffusion of hydrogen is relatively
slower compared to heating and it could take 2–10 h for an actuator to reach steady-state concentration. It is
therefore noted that temperature gradient has an effect on diffusion only during the early stages of diffusion
and thereafter the effect of thermo-transport can be neglected.
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The actuator stroke is significantly influenced by the presence of hydrogen since its concentration affects
d33. At low concentrations (≤1 ppm), the presence of hydrogen may lead to an increase in actuator stroke
and that may have a positive effect on injector performance. However, at higher concentrations (>1 ppm), the
presence of hydrogen can cause significant non-uniform cross-sectional displacements as well as substantially
lower steady-state strokes compared to unexposed actuators. This behaviour may have a significant negative
impact on the reliability, performance and durability of the actuators. Results from the coupled model are
compared with 2D plane stress and 3D models with reduced coupling that were developed using COMSOL
Multiphysics�. It is found that a 2D plane stress model captures the key features of 3D diffusion and dis-
placement profiles. It is therefore recommended that 2D models can be used in practical situations to maintain
computational efficiency. A 2D model is also capable of simulating an actuator with voltage-dependent d33
based on comparisons with the experimental results.
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Appendix A

Following Ma [16], the chemical potential μ of hydrogen can be expressed as

μ = w + μ̄ + Rθ ln
c(r, t)

1 − c(r, t)
, (13)

where w is related to the interaction energy between interstitial hydrogen and the externally applied stress
and μ̄ is the sum of the elastic distortion energy due to hydrogen interstitials, internal energy due to bonding
between hydrogen and the matrix, and entropy of vibration.
A preload is usually applied to a PZT actuator to control the tensile stress and strain. In practical cases, the
value of preload is small and its influence on the actuator performance is negligible [11,12]. Furthermore, the
diffusion process is not significantly affected at low stress levels. The influence of the work done by externally
applied load is, therefore, not considered in the present work. In addition, the entropy of vibration and internal
energy related to bonding properties between hydrogen and PZT ceramics are independent of position r for
uniform temperature and dilute solutions. It is also assumed that elastic interaction between hydrogen atoms
and matrix material plays a minor role in the diffusion process, and hence, μ̄ is not considered in the present
study to further simplify the model.
The electro-transport and thermo-transport processes, which arise in the presence of electric current and
temperature gradients, respectively, are taken into account in the present model. These processes induce a
hydrogen flux in addition to that caused by the gradient of hydrogen concentration. The force due to electro-
transport is described phenomenologically by an effective charge number Z∗ as [23]

F E
i = −eZ∗φ,i , (14)

where e is the elementary charge and −φ,i is the applied electric field in the i-direction.
The driving force due to a temperature gradient is described by [23]

Fθ
i = − Q∗

θ
θ,i , (15)

where Q∗ is the heat transport.
The total flux Ji in Eq. (6) can be modified to include the driving forces F E

i and Fθ
i corresponding to electro-

transport and thermo-transport processes as [24]

Ji = −cd0

Rθ

[
μ,i + eZ∗φ,i + Q∗

θ
θ,i

]
. (16)
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